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Modeling Microwave and Hybrid Heating Processes
Including Heat Radiation Effects

Jens Haala, Member, IEEE,and Werner Wiesbeck, Fellow, IEEE

Abstract—This paper presents an efficient simulation tool
for conventional, microwave, and combined heating. Two
heat-transfer mechanisms are included: conductive and radiant
heat transfer. The conductive heat transfer is modeled by a
finite-difference algorithm. A modeling technique for radiant
heat transfer in nonuniform grids has been developed and is
here presented for the first time. For the radiant heat transfer
a finite-difference scheme is not applicable, as radiation from
a material surface is not bounded to the immediate vicinity, as
is conductive heat transfer. Therefore, ray optical methods are
used. Rays connecting mutually visible surfaces are obtained by a
new fast method. Necessary, but acceptable simplifications allow
fast computations. The algorithms are integrated conveniently
together with an electromagnetic finite-difference time-domain
program to one simulation tool. Representative simulations are
presented for an oven heated conventionally, by microwaves, and
by a combination of both.

Index Terms—FDTD, heat radiation, microwave heating.

I. INTRODUCTION

T HERMAL modeling is mandatory for the optimization
of heating processes in ovens. Especially in combination

with microwaves, the heating process has to be carefully
designed to achieve a fast and uniform heating. Various re-
ports [1]–[10] reported electromagnetic-field computations of
microwave ovens, but only few authors [11], [12] include a
thermal model in their procedures. To the authors’ knowledge,
all models consider only heat transfer by conduction, while
radiation is usually neglected. This simplification becomes
questionable at higher temperatures. In fact, with increasing
temperature, radiant heat exchange becomes more and more
important since the energy emitted from a material surface
increases proportional to . In contrast, energy transported by
heat conduction is only proportional to. Radiant heat transfer
eventually prevails over conductive heat transfer. This paper
specifically includes radiant heat transfer and, therefore, closes
the gap of neglected radiant heat exchange.

Pure thermal problems are mostly simulated by finite-el-
ement modeling, some of which include radiation. Heating
by microwaves is sometimes considered, but the variation of
the electromagnetic field with increasing temperature due to
changing material properties is not. Additionally, these models
normally perform only steady-state calculations.
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For the optimization of ovens, one needs to determine the dy-
namic heat process. Hence, a combination of thermal and elec-
tromagnetic simulations must be used. Both radiation and the
influence of increasing temperature on the electromagnetic field
must be considered.

The finite-difference time-domain (FDTD) method has
proven to be an excellent algorithm for the calculation of
electromagnetic fields, especially in closed structures like
ovens. This method needs fewer computational resources as
methods in the frequency domain. Broad-band calculations are
easily performed. The FDTD modeling of thermal processes
is also economical in memory usage. A combination with an
electromagnetic FDTD leads to a very efficient and powerful
simulation tool. Self-consistent modeling is possible, as well
as analyzing a dynamic heating process.

Both the conductive thermal and electromagnetic algorithm
are of local character as the temperature and fields in one dis-
cretization cell are only related to their neighboring cells. This
local scheme applies only to conductive heat transfer. When
considering radiant heat transfer, energy may be transported
through the whole computational space. Mutually visible sur-
faces, view factors, and material parameters have to be deter-
mined and used for the calculation. This usually means high
computational effort. However, the proposed method reduces
this effort considerably.

The main task when including radiant heat transfer is to de-
termine surface pairs that are mutually visible and exchanging
radiant energy. A very fast algorithm has been developed that
is optimized for detecting mutually visible surfaces in a rectan-
gular nonuniform grid. This algorithm determines surface pairs
very quickly. They need to be allocated and stored only once
before the calculation starts. Based on this initial step, the cal-
culation of the resulting temperature at each time step is very
fast and easy.

After discussing the mechanism and modeling of the conduc-
tive and radiant heat transfer, an efficient algorithm for the com-
putation of view factors and transfer rays is presented. The in-
clusion of the electromagnetic simulation is then shown. A hy-
brid oven simulation verifies the applicability of the method.

II. THERMAL MODELING

The first sentence of thermodynamics states that if tempera-
ture varies within a closed environment, energy has to be trans-
ported over the borders of that environment. This is expressed
by

(1)
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where is the density of a material, is the specific heat ca-
pacity, and is the power density, sometimes called heat flux.
The right-hand side of (1) is the power that is transported in or
out of an environment and that causes a temperature change.

When using a finite-difference algorithm for heat simulations
[13], the structure is divided into cells that are assumed to have a
constant temperature within. If (1) is applied to the volumeof
the discretization cell with dimensions ,
one obtains

(2)

for the left-hand side of (1). The right-hand side becomes

(3)

where is the power that is transported into the cell and finally

(4)

is obtained if the partial derivative is replaced by

(5)

The power may be transported by: 1) heat conduction; 2) heat
radiation; or 3) heat convection.

A. Conductive Heat Transfer

The power density transported by heat conduction is cal-
culated by Fourier’s law

(6)

where is the thermal conductivity. Applying (6) to the fi-
nite-difference scheme shown in Fig. 1, one has to calculate the
power that is transported through each of the six surfaces sepa-
rately. Fig. 2 shows the power

(7)

that is tranpsorted between two cells via their common boundary
. The power that is exchanged be-

tween the two cells is calculated by

(8)

where each cell may have a different heat conductivity. How-
ever, the thermal conductivity is assumed to be constant over
the volume of one discretization cell.

B. Radiant Heat Transfer

1) Theory: Heat exchange by means of heat radiation is dif-
ferent from heat conduction. Heat radiation does not need a

Fig. 1. Discretization cell(i; j; k) and the position of the scalar field
componentT (i; j; k) and power vectors.

Fig. 2. Heat flux between two cells.

medium. It only applies to surfaces. To simplify the model, all
surfaces are assumed to be “gray,” which means their character-
istic is similar to a “black radiator,” except that they do not emit
or absorb all thermal radiation, but a part of it. In addition, all
surfaces are assumed to radiate diffuse.

As only closed structures like ovens are considered, all radi-
ation emitted by a surface is absorbed by another surface. The
power transported between the two surfaces (Fig. 3)and
is determined by

(9)

where is the size of the surface, , is the part that
is emitted or absorbed from , and , is the Stefan–Boltz-
mann constant and is the temperature of . is called the
view factor and expresses the part of energy that is transmitted
by surface and actually received by surface , divided by
the total energy emitted by surface. The view factors are
given by

(10)
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Fig. 3. Power exchanged between two surfaces.

Fig. 4. Determination of the view factorF for two surfacesA andA .

and are determined by geometrical properties, as shown in
Fig. 4. The factors have values between zero for infinitesimal
small surfaces infinitely separated and one for two parallel
infinitely extended planes. The are constant with respect to
temperature, and determine the part of the power that reaches

. It is only determined by the geometry.
The net power transmission between the two surfaces in

which the opposed radiation from to is also considered
is calculated by

(11)

with

(12)

and

(13)

which can be proven by Kirchhoff’s law.
The final temperature distribution is determined by the en-

ergy exchange between all surfaces. The radiant power flowing
through the surfaces of cell is now used to calculate the
variation of the temperature. When applying the conservation of
energy (1) to the radiant heat transfer, one finally obtains

(14)

2) Implementation:For maximum versatility, the simu-
lations are based on a Cartesian, but nonuniform grid. This
allows an enormous simplification for the determination of
view factors. An efficient calculation is obtained if the geomet-
rical properties are checked and the view factors are calculated
and stored only once before the calculation starts. During the

Fig. 5. Three-dimensional Bresenham algorithm in a nonuniform rectangular
grid.

calculation, the stored values are simply processed in a lookup
table.

The preprocessing is divided into two steps. First, the relevant
cells are determined. Only cells representing solid materials bor-
dered by a gas or vacuum are relevant, as only those cells radiate
or absorb energy.

The next step is to determine surface pairs. Two surfaces are
called a surface pair when they exchange energy. Energy ex-
changes only apply to surfaces that are mutually visible. Every
possible combination of surfaces has to be checked whether they
are linked by a line of sight. Depending on the size and prop-
erties of the oven and the discretization, millions of possible
surface pairs exist. Hence, the visibility check has to be very ef-
ficient.

Here, a modified Bresenham algorithm is used, which
combines versatility and efficiency. Computer graphics use
Bresenham algorithms [14], [15] to draw lines on a screen.
This algorithm determines very quickly the pixels that are
penetrated by a line. However, this algorithm has been devel-
oped for two-dimensional uniform grids. Here, the algorithm is
extended to three-dimensional nonuniform grids. Fig. 5 shows
two surfaces that are checked and whether they are mutually
visible. A virtual line connects the surface centers. If each cell
penetrated by the connecting line is gaseous, then the surfaces
are mutually visible.

The check starts from one surface and proceeds along the con-
necting line. The first penetrated cell is the one directly attached
to the surface. To determine which cell is penetrated next, the
distances , , and in Fig. 5 are calculated. These are the
distances along the connecting line until a new cell in the-, -,
or -direction is reached. The distanceis calculated by

(15)

where is the minimum distance in the-direction to the
next cell. is normally the cell width and, therefore, is easily
accessible. , , and are the overall distances between
the surface centers in the-, -, and -direction, respectively.
and are also calculated according to (15).
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The minimum of , , and determines whether the next
penetrated cell is in the-, -, or -direction. In the example
in Fig. 5, the next cell is reached in the-direction. This cell is
tested if it is still gaseous. is then increased by

(16)

where is the new cell width. The square-root term on the
right-hand side is constant and is calculated only once. In com-
parison to the original algorithm, only one additional multipli-
cation of the term in the square root with the actual cell width

is needed. This is due to the nonuniformity of the grid.
The determination of the penetrated cells is continued until a

cell with solid material or the second surface is reached. In
the first case, the surfaces are not mutually visible.

The algorithm only determines whether there is a line of sight
or not. Partial visibility is not considered since the computa-
tional effort would be very high. However, as the discretized
surfaces are very small, only a slight error arises.

For each surface pair, the view factors are calculated.
Using the reciprocity [see (12)], the view factors are calculated
only once for each surface pair. As the surfaces are oriented ei-
ther parallel or perpendicular in the rectangular grid, the inte-
grals in (10) can be simplified. Reference [16] shows a method
for evaluating the view factor without integration, making the
calculation much faster.

C. Verification

As heat radiation is not easily separated from other
heat-transfer mechanisms in practical experiments, two verifi-
cations are presented in this paper.

1) Theoretical Verification:To ensure that the numerical al-
gorithm for the heat radiation produces accurate results, a the-
oretical experiment has been performed in which only heat ra-
diation is considered. Two parallel plates exchange heat by ra-
diation. Each plate is 100 100 mm and is 10-mm thick. They
are separated by 200 mm (see Fig. 6). One plate has a constant
temperature of 1000 K (plate 1). The other plate (plate 2) has
a temperature of 0 K a the beginning and is heated by heat
radiation transmitted from the other plate. It is assumed that the
plates have a very high heat conductivity so that the temperature
within the plates is homogeneous.

By integrating (1) over the volume of plate 2 and assuming
that only heat from plate 1 may reach plate 2, one obtains

(17)

This equation determines the temperatureat time , which is
compared to numerical simulations. One cannot explicitly solve
(17), but by means of zero finding, it is possible to calculate
for given time .

For the simulation, a discretization width of 10 mm is used.
This leads to 10 000 mutual visible surface pairs. The time step
was chosen near the stability limit. In Fig. 7, one can see both of

Fig. 6. Two parallel plates exchanging heat by radiation.

Fig. 7. Comparison between theoretical and simulated result.

Fig. 8. Measurement setup for the validation of the heat modeling. All
dimensions are in millimeters.

the results for the theoretical solution of the differential equation
in comparison to the numerical simulation. The relative error

K (18)

is smaller than 0.72%.
2) Measurements:To show the validity of the proposed

modeling technique, a measurement setup was chosen not only
to verify heat radiation, but the complete model. As shown in
Fig. 8, a heating plate was used to heat up a block of aluminum.
The heating plate has a sensor within and one is able to assure
a constant temperature of the plate by means of a control unit.
Therefore, the temperature of the plate was assumed to be
constant. A block of aluminum was heated on the plate. In the
middle of the block, temperature sensitive paper was placed
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Fig. 9. Measurement results for different heating times of the aluminum
block. The shadings of the thermosensitive paper were determined using the
temperature-controlled heating plate.

to measure the heat distribution within the block. The paper
changes its color from white to black within the temperature
range from 80 C to 90 C. The color of the paper depends
not on the time exposed to the temperature, but only on the tem-
perature itself. The shadings of the thermosensitive paper were
determined using the temperature-controlled heating plate.

The heating plate has a constant temperature of 110C, while
the aluminum block has a temperature of 20C at the beginning
of the measurement. In Fig. 9, the resulting temperature distri-
butions are shown for different heating times of the aluminum
block.

The simulations were performed using the material parame-
ters given in Table I, which were taken from [17]. To ease the
comparison of measured and simulated results, a similar color
distribution was used to print the simulation results. As shown
in Fig. 10, there is a very good agreement between simulated
and measured results. The relative error

K (19)

is smaller than 1%.

TABLE I
MATERIAL PARAMETERS USED IN THE SIMULATION

III. M ICROWAVE HEATING

The heating of materials with microwaves is determined di-
rectly by

(20)

where is the microwave power dissipated. As shown in
Fig. 11, there are 12 electric-field components dissipating power
within one cell. The electromagnetic power

(21)

is determined by the electric conductivity of the material.
Combining (20) and (21) and setting up the finite-difference
scheme, one obtains

(22)

The computation of the electric energy dissipated in one cell
is done by a standard FDTD scheme, and includes linear and
frequency-dependent materials.

Additionally, (4), (8), (14), and (22) are combined to update
the temperature in only one computational step. The radiant,
conductive, and electric power is summed up leading to

(23)
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Fig. 10. Simulated temperature distribution within the aluminum block after
different heating times.

Fig. 11. Placement of the electric-field components within the discretization
cell (i; j; k).

IV. SIMULATION OF A HYBRID OVEN

In this section, the above method is applied to the simulation
of a hybrid oven loaded with material samples. The oven has the
dimensions of 400 360 350 mm and is sketched in Fig. 12.
The placement of the samples is sketched in Fig. 13.

Fig. 12. Hybrid oven with casket and samples inside. The samples are placed
on bars. The front, rear, top, and bottom walls are heated conventionally.
Dimensions are in millimeters.

Fig. 13. Placement of the samples on the bars. Dimensions are in millimeters.

The walls of the oven consist of carbon. Inside the oven, an
Al O casket carries four samples on AlO bars. The electro-
magnetic and thermal material parameters of the casket and the
samples are summarized in Table II.

A. Characterization of Thermal and Electromagnetic Field
Distribution

To get more detailed information on the temperature and elec-
tromagnetic field distribution within the samples, two statistical
values are defined. The first one is thehomogeneity

(24)

(25)

where is the expectation value of function , and
is the corresponding standard deviation. At the beginning

of a simulation, the homogeneity of the temperature distribu-
tion is infinite since the structure has thermal equi-
librium, and the standard deviation is zero. Equations (24) and
(25) allow to characterize both the thermal and electromagnetic
field distribution. To obtain information about local maxima
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TABLE II
MATERIAL PARAMETERS USED IN THE SIMULATION

Fig. 14. TemperaturesT for the conventional heating at time stepst = 30 s
andt = 300 s for a view plane atx = 165mm. Resulting characteristic values:
HO(t = 30 s) ! 1, HO(t = 300 s) = 35:26, HSF(t = 30 s) = 0:0,
HSF(t = 300 s) = 0:06.

or minima that do not have significant influence on the homo-
geneity, an additional parameter is defined for characterization,
i.e., thehot-spot factor

(26)

(27)

detects local extrema within in the field distribution. Again, the
same formulation is used for both the thermal and electromag-
netic field distribution.

B. Conventional Heating

The front and rear walls of the oven are heated with a constant
rate of 5 K/s. The insulation shown in Fig. 12 is not used in
this configuration. Computational results are given in Fig. 14
for s and s. The homogeneity is

s and s . The hot-spot factor
is s and s . The

Fig. 15. Electric-field strengthjEj within the oven for a view plane atx =
165 mm at f = 2:45 GHz. Resulting characteristic values:HO = 1:25,
HSF = 1:07.

Fig. 16. TemperaturesT for the microwave heating at time stepst = 30 s and
t = 300 s for a view plane atx = 165 mm. Resulting characteristic values:
HO(t = 30 s) = 440,HO(t = 300 s) = 67:17,HSF(t = 30 s) = 0:007,
HSF(t = 300 s) = 0:29.

samples are not heated within the first 30 s, as the walls are not
hot enough to transfer much heat radiation to the samples. As
the samples are not heated, there is still thermal equilibrium and
a very high homogeneity. After 300 s, the samples are heated
up by 200 K. As radiation transports the heat to the samples and
the samples shadow each other, temperature gradients arise. The
scales in the figures are adjusted to the maximum temperature
reached.

For faster heating, one has to increase the heating rate of the
walls. However, this would cause stronger temperature gradi-
ents. For a faster and more homogeneous heating at the same
time, one has to use different heat sources.

C. Microwave Heating

In this configuration, the oven is only heated by microwaves.
To avoid strong temperature gradients due to the different tem-
peratures of the hot samples and cold walls, a thermal insulation
(see Fig. 12) is used. The microwave power is fed through a
waveguide with dimensions 80 40 mm located in the middle
of a sidewall. The generator has a frequency of 2.45 GHz and
produces 800-W microwave power. In Fig. 15, the electromag-
netic field distribution at GHz in the frequency domain
is given in a view plane at mm. Clearly seen are the
resonances arising within the casket.

In Fig. 16, the temperature distribution is given for 30 and
300 s. The samples near the microwave feed are heated faster.
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Fig. 17. Electric-field strength within the oven for a view plane at
x = 165 mm. The field is generated by two broad-band (500 MHz)
generators atf = 2:45 GHz center frequency. Resulting characteristic values:
HO = 2:50, HSF = 0:66.

Fig. 18. TemperaturesT for the hybrid heating att = 30 s andt = 300 s for
a view plane atx = 165mm. Resulting characteristic values:HO(t = 30 s) =
23:6,HO(t = 300 s) = 26:6,HSF(t = 30 s) = 0:12,HSF(t = 300 s) =
0:11.

One can see that the median temperature after 300 s is only
approximately 15 K higher than at the beginning. The problem is
that not only the samples are heated by the microwaves, but also
the insulation. To increase the heating rate, one has to increase
the microwave power. However, in this paper, another solution
is presented that allows the increase of the heating rate by a
combination with the conventional heating previously shown.

D. Hybrid Heating

To achieve a fast and uniform heating, the microwave and
conventional heating are combined. This allows removal of the
thermal insulation from the oven. Simulations of a simple com-
bination of both heating sources show a fast heating. However,
due to the resonance in the electromagnetic field, the tempera-
ture distribution is not homogenous.

To achieve a good homogeneity within the oven, broad-band
microwave generators are used. Fig. 17 shows the electromag-
netic field distribution with two broad-band generators, each fed
into the oven by a waveguide. The waveguides are mounted on
opposite sides of the oven and have an orthogonal polarization.
The bandwidth of the generators is 500 MHz and each one pro-
duces 800-W microwave power. The field distribution shows an
excellent homogeneity.

The results for the temperature distribution after 30 and 300 s
are shown in Fig. 18. One can see that a rapid and homogeneous
heating is achieved by the combination of the two heat sources.

As the electromagnetic field distribution is homogeneous, the
heating of the samples is also homogeneous. The mean temper-
ature of the samples after 300 s is significantly higher than the
resulting temperature of the conventional or microwave heating
alone.

This example shows that the combination of different heat
sources offers the opportunity for a fast and homogeneous
heating. However, the electromagnetic field distribution has
a great influence on the homogeneity of the temperature.
Conventional heating via heated oven walls only influences the
temperature near the surface of the samples. The best results are
achieved if both sources are adjusted to each other so that the
oven walls have nearly the same temperature as the samples.

V. CONCLUSION

A new method was presented to simulate heating processes
including thermal energy exchanges by conduction and radi-
ation. The algorithms are implemented within an electromag-
netic FDTD code, allowing the calculation of conventionally
and microwave heated ovens. For the conductive heat transfer, a
finite-difference scheme is used. Ray optical methods are intro-
duced to check visibility of surfaces and, consequently, the ra-
diant heat exchange. The resulting simulation tool is very pow-
erful and mandatory for the design of high-quality ovens. It al-
lows the determination of temperature distribution inside ma-
terials and an optimization for any desired heat pattern. Espe-
cially for hybrid ovens where different heat sources have to be
adjusted, the developed software package has proven to offer an
excellent opportunity to simulate heating processes and to sup-
port hybrid oven designs. For the verification of the results, two
new definitions, i.e., homogeneity and hot-spot factor, are intro-
duced.
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